Abstract. For anisotropic elastic materials for which the displacements w( depend on xx and x2 only, a general solution for m( depends on one variable z = x, + px2 where p is an eigenvalue of the fundamental elasticity tensor of Stroh. There are six p's which consist of three pairs of complex conjugates. For isotropic materials, p = ±i are the eigenvalues of multiplicity three. We point out trivial cases in which a completely anisotropic material has the eigenvalues p = ±i and has the solutions to two-dimensional elasticity problems that are identical to the solutions for isotropic materials. Excluding these trivial cases, we show that p = ±i can be the eigenvalues of multiplicity three for monoclinic materials with the symmetry plane at x, = 0, at x2 = 0, or at any plane that contains the x3-axis. If the symmetry plane is at x3 = 0, then p = ±i occur only when the material is transversely isotropic with the axis of symmetry at the x3-axis. We also consider the general case in which the eigenvalues are arbitrary and are of multiplicity three. The eigenrelation associated with the triple eigenvalues is nonsemisimple for all cases studied here. There are only two independent eigenvectors associated with the triple eigenvalues.
In the above / is an arbitrary function of z, and p and a are determined by inserting Eq. There are six eigenvalues p from Eq. (1.6) which, if the strain energy is positive, consist of three pairs of complex conjugates [1, 2] . If pn , a = 1, 2, ... , 6 , are the eigenvalues, we let Impa >0, a = 1,2,3,
where Im stands for the imaginary part. For isotropic materials it is known that
The purpose of this paper is to show that there are infinitely many anisotropic elastic materials whose eigenvalues are given by Eq. (1.7). In fact, we will also show that there are infinitely many anisotropic materials for which the three identical eigenvalues can be arbitrary.
2. Dependence of p on elasticity constants. Employing the contracted notation Cpq f°r CtJks> the three matrices Q, R, and T of Eqs. is [3] WW -WW = 0 (2-J) where l2(P) = 4-P2 _ 1SA$P + S44 ' In the above, s'i} are the reduced elastic compliances which are related to the elastic compliances sij by where I is the 5x5 unit matrix. Since C° is positive definite, so is s'. Equation (1.6) depends on the 15 constants of C° only. The constants Cj3, i = 1, 2, ... , 6, do not appear in Eq. (1.6). Therefore, one can have an anisotropic material whose CtJ are identical to those of isotropic materials except Cj3, i.e., where A and // are the Lame constants. and C° are identical to those of isotropic materials will be excluded in the sequel. In the rest of the paper we consider C° and s which are different from those for isotropic materials. When s' is positive definite, it is very simple to choose 5.3, i = 1, 2, ... , 6, such that stj is positive definite. All we have to do is choose $33 > 0. To see this, let , i = 1, 2, ... , 6, be arbitrary real constants, not all of them zero. We have from Eq. Therefore, the coefficient of the p6 term in Eq. (3.1) is equal to the constant terms in Eq. (3.1) while the coefficient of the p6 term multiplied by 3 is equal to the coefficients of the p2 and pA terms. Thus,
Elimination of the term (2s'12 + sg6) between Eqs. (3.4) and (3.5) leads to a quadratic equation for (/14 + s'56). Making use of Eq. (3.6) it can be shown that
Finally, inserting Eq. (3.7) in Eq. (3.4) and using Eq. (3.6) yields
The result is that we may prescribe all components of s'tj except s'24, s'14, and s'l2 (or 5g6) which are determined from Eqs. (3.6), (3.7), and (3.8). If s[j so obtained is positive definite, we use the procedure outlined at the end of the previous section to determine a complete Ctj or stj which is positive definite. We thus have an anisotropic elastic material whose eigenvalues are given by Eq. (1.7). To show that it is possible to find a positive definite s!. , consider the special case It is seen that the three columns of the 3x3 matrix on the left are all proportional to each other. Therefore, there are only two independent eigenvectors a for the triple eigenvalue p = i. The system is nonsemisimple [7, 8] . The general solution for a is aT = (kl, iakl + (a + 1 )y/k2, k2), (3.20) where kx and k2 are arbitrary constants. A more general matrix s' can be obtained by considering nonzero ,sj2 and s'56 .
Instead of Eqs. 4. Monoclinic materials with the symmetry plane at x2 -0. Monoclinic materials with the symmetry plane at x2 = 0 can be obtained from monoclinic materials with the symmetry plane at x, = 0 by rotating the coordinate system about the x3-axis by an angle d = n/2. It can be shown [9] that, if p = ±i are the eigenvalues before the coordinate transformation, p = ±i are the eigenvalues after the coordinate transformation.
In fact, p = ±i for any 9, i.e., for any coordinate transformation which is a rotation about the x3-axis. Therefore, p = ±i can be the triple eigenvalues for monoclinic materials whose plane of symmetry is any plane that contains the x3-axis. We hasten to add that, while p = ±i are invariant with 6, the associated eigenvectors a in general are not. As a result, the Barnett-Lothe tensors [7] are in general not invariant with 6 [10] when p -±i. su-s22, s66 -2(su -sn).
These are the conditions for transversely isotropic materials with the axis of symmetry at the x3-axis. Therefore, transversely isotropic materials with the axis of symmetry at the Jtj-axis are the only anisotropic materials with the plane of symmetry at x3 = 0 for which p = ±i are the triple eigenvalues. Of course, stj determined from Eq. (2.3) can still represent anisotropic materials other than transversely isotropic materials if s(3, i -1, 2, ... , 6, are chosen arbitrarily. However, as we stated in Sec. 2, we exclude these trivial cases.
6. Anisotropic materials with an arbitrary p of multiplicity three. In this section we investigate anisotropic materials that possess any three identical pairs of eigenvalues. It suffices to consider Px= P2= P) = , (6.1) where /? is a positive constant. This is so because, when p is given by Eq. (6.1), p(9) in a rotated coordinate system is [7] [8] [9] " _ //? cos 9 -sin 9 _ (ft2 -1) sin 9 cos 9 + if} P ~ if} sin 9 + cos 9 ~ p2 sin2 g + cos2 9
With /? and 9 at our disposal, p{9) can be chosen arbitrarily. If p -if} is an eigenvalue of multiplicity three, p (9) is also an eigenvalue of multiplicity three [9] ; in particular, if /? = 1, then p(9) = i for all 9 .
For monoclinic materials with the symmetry plane at xl -0, the analyses presented in Sec. 3 can be repeated with Eq. [y/0 + s/a(e -y)f < 1 -v1, (7.4) where yr = ±y/a -1 . (7.5) For the purpose of the following discussions, it is more transparent to write Eq. (7.4) as av2 + 2y/aij/u(e -y/) + a(£ -\f/)2 -1 < 0. (7.6) When the inequalities are replaced by equalities, Eqs. (7.3) and (7.6) represent, respectively, a parabola and an ellipse in the (e, £)-plane; see Fig. 1 . The condition (7.3) implies that (e, v) lies below the parabola, while Eq. (7.6) tells us that (e, i>)
lies inside the ellipse.
The geometry of the parabola and the ellipse depend on the parameter a. The ellipse has its center R located at (e, v) = (y/, 0). Figure 1 shows the ellipse for a > 2 and y/ = \Ja -1 . If y/ = -y/a -1, the center R of the ellipse is located on the negative e-axis and is the mirror image with respect to the £-axis of the ellipse shown in Fig. 1 Making use of Eq. (7.5) and noting that y]l-(ey/)2 < 1 -3(e -y> f, it can be shown that the right-hand side of the second inequality in Eq. (7.7) is equal to or less than the right-hand side of the inequality in Eq. (7.3). They are equal when e = y/ . Therefore, Eq. (7.4) implies Eq. (7.3). This also means that the parabola and the ellipse do not intersect except at e = y) where they are in contact (see the point Q in Fig. 1 ).
When the conditions in Eqs. (7.1) are satisfied and the ellipse is drawn, one can choose any (e, 0) that lies inside the ellipse. The matrix s' of Eq. (6.3) is positive definite.
Finally, we point out that one-component surface waves, which exist only in certain anisotropic elastic materials, can propagate in the materials given by Eq. (6.3) . The conditions for the existence of one-component surface waves [11] [12] [13] for the materials given by Eq. (6.3) can be shown to be y = p2, f -0, e(e -y/) > 0. (7.8) The last two conditions imply that (e, 0) in Fig. 1 is limited to the segment of the e-axis between the points P and R. If the ellipse contains the origin, the entire e-axis inside the ellipse except the segment between the origin and the center of the ellipse satisfies the last two conditions of Eqs. (7.8).
